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Abstract- The concept of multi-fuzzy algebra extends the traditional notions of fuzzy algebra by introducing
multi-dimensional membership functions, allowing for a more nuanced representation of uncertainty and
vagueness in algebraic structures. This paper explores the properties and algebraic structures of multi-fuzzy
algebras over multi-fuzzy field, generalizing the framework of fuzzy vector spaces and fuzzy fields. We introduce
a novel approach using a bridge function h to define multi-fuzzy algebras when the dimensions of the multi-
fuzzy set on an algebra A and the multi-fuzzy field differ. The paper investigates the influence of this bridge
function on the algebraic properties of these spaces and provides a comprehensive analysis of their structure.
Key results include the characterization of multi-fuzzy algebras, their intersections, and their behaviour under
linear transformations

Keywords: Multi-fuzzy vector spaces, Multi-fuzzy field, Multi-fuzzy Algebra, Space of Multi-fuzzy Algebra over
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1. Introduction

Fuzzy set theory, introduced by Zadeh in 1965, has revolutionized the way we model uncertainty and imprecision
in mathematical structures. Over the years, this theory has been extended to various algebraic structures, including
fuzzy groups, fuzzy rings, and fuzzy vector spaces. The concept of fuzzy vector spaces over fuzzy fields,
introduced by Nanda, further generalized the idea of vector spaces by incorporating fuzzy membership functions.
The notion of multi-fuzzy sets was introduced by Sabu Sebastian and T.V. Ramakrishnan in 2010, allowing for
multi-dimensional membership functions that capture more complex forms of uncertainty.

This paper aims to extend the theory of fuzzy algebra by introducing multi-fuzzy algebras over multi-fuzzy field.
We explore the properties of these algebras, particularly when the dimensions of the multi-fuzzy set on an algebra
and the multi-fuzzy field on the field are equal. Additionally, we introduce a bridge function % to handle cases
where the dimensions differ, providing a more flexible framework for defining multi-fuzzy algebras. The paper
investigates the algebraic structure of these spaces, focusing on the role of the bridge function in determining their
properties.

The primary contributions of this work include:

1. A formal definition of multi-fuzzy algebra over a multi-fuzzy field.

2. The introduction of a new type of multi-fuzzy algebra over a multi-fuzzy field with respect to a bridge
function h when dimensions of multi-fuzzy set on the algebra and multi-fuzzy field are differ.

3. Adetailed analysis of the algebraic properties of these spaces, including their intersections and behaviour
under linear transformations.

4. Some theorems characterizing the structure of multi-fuzzy algebras and their relationship to sub algebras.

This research not only generalizes existing theories but also opens new avenues for exploring multi-fuzzy linear
algebra and its applications in areas such as decision-making, pattern recognition, and artificial intelligence.
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2. Preliminaries

Definition 2.1. Let{(L;,V;,A;),1 < i < k} be a family of complete distributive lattices. Then the
product L = Hﬁ‘zl L; forms a lattice with supremum V and infimum A, defined by:

(al, ap, ..., ak) \ (bl,,bz, ey bk) = (a1 Vl bl,' a, VZ bz, ey Qg Vk bk)
(a1, @z, s @) A (b1, by, ooy b)) = (@4 Ag by, @ Az by, ..., Gy Ay by).

Remark: In all cases we consider each lattice to be a complete distributive lattice. The supremum and
infimum elements of the lattice L are denoted by 1; and 0, respectively.

Definition 2.2[2].Let L = ]_[5-‘:1 L; be a product complete distributive lattices. Let ¢;: L; X L;j —
Lifor j = 1,2, ...,k be t-norms. The T- operator (or T-norm) T:L X L — L is defined by:

TCy)=(t2 (e, 31.), t2 (e ¥2)s o b G Vi) )

where x = (xl_,xz, ...,xk) andy = (3’1; Vs, ...,yk) €L
Lets;:Li X Lj = L; for j =1,2,..., k be t-co-norms.

The S- operator S:L X L — L is defined by:

S(x, Y):(51(x1,:3"1,)' S2(X2,¥2)) s Sk(xk'yk))
We denote T=(t1,, ty,..., tk) and S=(51,, Sy, e sk).

Definition 2.3[1]: Let X be a set, and let L = l_[?:1 L; be a product of lattices. Let k be a positive
integer. A multi-fuzzy set A in X is a set of ordered (k+ 1)- tuples:

A = {(x, u1 (), uz(x), ..., ux(x)): x € X},where y; € LjX, 1 <j < k.The function u =
(U1, Uz, v, t): X — L is called multi-fuzzy membership function, and k is called the dimension of A
(or the dimension of ). The set of all multi-fuzzy sets of X to L is denoted by M¥FS(X, L).

Definition 2.4. Let L = ]_[f=1 L; be a product complete distributive lattices and T=(t1,, ty, .., tk) isa
T-norm on L. Let F(+,.) be a field. A multi fuzzy set 4 = {(p, 1, (), 2, (D), ..., 1 (p)):p € F},

where AjeLjF ,1 < j <k, with membership function 4 =(44, 15, ..., A;) is called a multi fuzzy field of
F under T-norm T if for all p, q €F:

) A+ @) = TR, AD){ 61 (), 1 (@, (o@D, 22 (@), -t (), 1 (@) )

b) A(=p) = A(p), forall p in F.

&) 2@a) = TP @) =(t1 (1 ), 11@), 220D, 22(@)), s i (D), 1 (@) )
d) A(p™1) = A(p), for all non zero element peF.

6)11(0[:) = 1L = (1L1' 1L2’ ey 1Lk) = A(lF),

where O is the zero element and 1 is the unity in F.1 L}.is the supremum of L; for each 1 < j < k so
that 1; is supremum of L.

The set all multi-fuzzy field of F under T-norm T=(ty, t, ..., ty) is denoted by MFF*(F,L,T)
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We say that A :(Al_, Aoy en, /lk) is a multi-fuzzy field of F and write Ae MFF*(F,L,T).
If T is the minimum t-norm, then MFF*(F, L, T) is denoted by MFF*(F, L)
3.Multi-fuzzy algebra over multi-fuzzy field based under T-norm

Definition 3.1: Let L = H;-‘zl L; be a product of lattices, and let T=(t1,, ty, ey tk) be a T-norm on L.
Let A be an associative, distributive, commutative algebra over the field F, and let 4 =

(A1, Az, ooy A )EMFF®(F, L, T).A multi-fuzzy set B:{(x, Uq (), oy (), oo, e (x)): X E A} , where

U ]-EL]-A for 1 < j < k,with membership function u =(u4, Uy, ..., U ), is called a multi-fuzzy algebra
over the multi-fuzzy field A of F under T-norm T, if it satisfies the following conditions for all

X,y €A and peF:

aypu (x+y) =T(ul),u))
b) u(—x) = u(x), for all x €A
o). k(. x) = T(A(p), u(x))

d) u(xy) = T(u@x),u))
e) u(0y) =1, = (1L1, 1p, ) 1Lk),where 04 is the zero vector in A, and 1; is the largest element in

L.

The set all multi-fuzzy algebra of A over the multi-fuzzy field A of F under the T-norm T is denoted
by MFA¥(A, A, L, T) If the T-norm is the minimum, we denote it by MFA* (4,1, L).

We simply say that y =(,ul,, Uz, oo, uk) is a multi-fuzzy algebra of A over the multi-fuzzy field A of
F,and denote it as ueMFA¥(A,A,L,T) .

Remark 3.1: If we consider yu =(uy, Uy, ..., ) as a multi- fuzzy algebra over the ordinary field F
instead of the multi-fuzzy field 1=(14,1,, ..., A4x) of F, where A(p) = 1, = (1L1, 1y, 1Lk), then
condition (c) reduces to, u(p.x) = u(x).

The set of all multi- fuzzy algebra of A over the ordinary field F under T-norm T is denoted by
MFA¥(A,L,T)

Remark.3.2: In all cases, A is assumed to be an associative, distributive, and commutative algebra
over F.

Theorem.3.1.Let A be an algebra over the field F and Let u be a multi-fuzzy subset of A with
u(04) = 1,.Then:

1) ueMFA¥(A,A,L,T) if and only if, for all x,y € A and all p, g€eF:

D u@x+qy) = T(T(A@), k), T(A@) 1))

i) u () = T(p0),n®»))
2) ueMFA¥(A, L, T)if and only if, for all x, y € A and all p, q€F:

) ulx+qy)= T( u@),u®))
i) p(ey) = T( ), u®)).
Theorem.3.2.Let A be an algebra over the field F,and let y, te MF Ak (A4, A, L, T).Then their intersection
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unNteMFA*(A, A, L, T).
Definition 3.2(Multi-Fuzzy Algebra Over a Multi-Fuzzy Field Based on Lattice Operations)

LetL = ]_[5?:1 L; be a product of lattices. Let A be an associative,distributive and commutative
algebra over the field F, and let A = (14,45, ..., A, )eEMFF¥(F, L).A multi-fuzzy set

B={(x, Uy (), s (), ..n,y i (x)): X € A} , Where u jELjA for 1 < j < k,with membership function p
=(uq, U, .-, W), 1s called a multi-fuzzy algebra over the multi-fuzzy field A of F based on lattice
operations if,for all x, y €A and peF ,we have:

LuG+y) = a0 Ap)= (1) A mO), 1) Ay 12O, s 1), At 11:7))

2. u(—x) = u(x), forall x €A

3.0(.x) 2 Ap) AuG) (@) A 1160, (A2 Ay 1200), e, (AieD) A 11 (6)) )

4.u(xy) 2 p0) ApGD= (GO Ay 1), 12 GO Ay 112 (V) ey i () Are 1 ()

5u(00) =1, = (1L1, 1p, 0 1Lk), where 04 is the zero vector in A and 1, is the largest element
inL

This means pu is a multi-fuzzy-vector space over A with an additional property (4).

The set of all multi-algebra of A over the multi-fuzzy field 4 of F, based on lattice operations of
L = 1., L; is denoted by MFA*(A, 2, L).

We say that u = (ul’, U, e, ,uk), is a multi- algebra of A over the multi-fuzzy field A of F and denote
itas pueMFA*(A4,,L).

Theorem 3.3.Let {y €M FA*(A, A L):j€] } be an indexed family of multi-fuzzy algebras of A over
the multi-fuzzy field A of F.Then their intersection u = Nje; pj €M FA*(A,4,L).

Theorem 3.4. Let A be an algebra over the field F and let u,t € MFA¥(4,4,1)).
Then, the multi-fuzzy set u X T:AX A - L

(X 1)(24,25) = inf {u(z,),7(2,)} forall (z1,2,) € A X A, is a multi-fuzzy algebra of A X A
over A,thatis,

UXTEMFA*(AX A,AL).
4. Multi-Fuzzy Algebra u over Multi-Fuzzy Field A with dim ¢ #dim A1

Definition 4.1.Let M = [ M; and L = ]‘[}Ll L; be products of lattices. Let A be the multi-fuzzy set
A:{(x, Uy (), pa (), vy U (x)): x€eX } , where ,ujeL]-Xfor 1 <j < k, with membership function y
:(;11,, U, oo, uk) defined on a set X with value domain L = Hle Lj. Let h: L — M be a crisp function.

The multi-fuzzy set B of X is defined by:
B={(x, ut (x)) X €E€EX }, where the membership function u": X — [[7, M; is given by:

ut(x) = h(u(x)),forall x € X
The function u” is called fuzzy transformation of multi-fuzzy set u with respect to the crisp function
h.
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Clearly, ueM*FS(X, L) and u* € M™FS(X, M).

Theorem.4.1. Let u, 7 € M¥FS(X, L) and h: L - M be a monotonic function. Then:
a) Ifh increasing and u € 7,then u”* © M.
b) Ifhis decreasing and u € 7 ,then " € ph
¢) Ifhisincreasing then (unt)* € ptnth

d) Ifhisincreasing then ptuthc (uut)h
Definition.4.2.(Multi fuzzy vector space u over multi fuzzy field A with dim p # dim 1)

Let M=]]%M;and, L = §=1 L; be products of complete distributive lattices. Let A be an
algebra over the field F, and 1=(2;,2;, ..., A) € MFF™(F, M, U). Define a multi-fuzzy set B by:
BI{(x, Uy (%), oy (), oo, e (x)): x €A } , Where ujeLjA, 1 < j < k, and the membership function is
U =(u1’, Uo) oee) ,uk) If k # mandlet h: M — L is a crisp function,then y is called a multi-fuzzy

algebra over the multi-fuzzy field A of F under T-norm T (defined on L) with respect to the function
h, if for all x, y €A and peF ,the following conditions hold:

LopGx+y)=T(p(x),u®))

2. u(—x) = u(x), Forall x €A
3 u(px) 2 T( X)), u(x)
4.1 (ey) 2 T( (), n(¥))
5.u(00) =1, =(1;,1;,, ... 11,),
where 04 is the zero vector in A, and 1; is the supremum element in L.
5. Ah(OF) = Ah(lF) =1

The set all multi-fuzzy algebras of A over the multi-fuzzy field A of F under under T-norm T
with respect to the function h is denoted by MFA®™ (A, (A, h € LM),T).
Here, k denotes the dimension of multi-fuzzy set in A ,m the dimension of multi-fuzzy field A of F,
and T the T- norm on L.
We say that u =(,ul‘, Uz, oor) yk) is a multi-fuzzy algebra of A over the multi-fuzzy field A of F with
respect to the function h,and denote it as:

peMFA®™ (A, (4, h € LM),T).

The function h is called the bridge function of the space.
Theorem.4.2. Let A be an algebra over the field F, and let y is a multi-fuzzy subset of A with

u(04) = 1,. Then:

If u€ MFA®™ (A, (A, h € LM),T) , then for all x,y € A and p, qeF ,

D alr+ a2 (TP ErE),T(@).RD))

i) o CGy) 2 T( (), 1))
Conversely, suppose the bridge function h: M = [[[2; M; - L = ?:1 L; satisfies 2" (0r) =
A"(1p) = 1, and that p satisfies the conditions (i) and (ii), and assumes T is idempotent. Then
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peMFA®™ (A, (A, h € LM),T).
Proof : Let ueMFA®™ (A4, (A, h € IM),T)

Then, by definition, for all x,y € A and for all q,p, €F ,we have:

D rEx @) 2 TEED.u @) 2 T(T(2E),k®).T(A(9).u0))) and

i) pOy) 2 T(p@, k)
Conversely, suppose that multi-fuzzy subset u of A satisfies the conditions (i) and (ii)

Setp =1p = 1,q = 1z = 1 in (i).Then we get:
p G+ = 1(T(AAD ), T(F A HE))) ..
Consider:
T(A"pu@)= T T(1L,00)06)
= T(p®),uk))
=u(x)
Similarly, we can prove that T (Ah(lp), ,u(y)) = u()

Substituting these results into (iii), we obtain:

p(x+y) = T(ul), u®»)).

Also, from (iii) ,we have:
B @) = 1 (x4 0. 0) 2 T(T (A @),100), T (206, 1))

Consider T ( 2(0p),u(x)) = T(1,,u(x))

=u(x)

Therefore,
k0 21(T(P)LR@) kW)
= ("), T(r(0), 1))
=T (2*(), u(x)). since T is idempotent.
i (=) > T(AM(~1p),u(x))
= T(2"(1p), u(x)) since A"(—1z) = A(A(-1p)) = h(A(15)) = "(15)
= T(1,u))

= u(x) forallx
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Combining the condition (ii), we get:
ueMFA®™ (4, (A, h € IM), T)

Theorem 4.3.Let A be an algebra over the field F, and let u, teM FA®™M (4, (A, h € LM),T),
where T is idempotent. Then the intersection u N7 eMFA®™ (A, (A, h € LM),T)

Proof :For any x,y € A and peF:
uND)(x +y) = T(ulx +y),7(x +y))

> T(T(u(x).u(y)). T( (%), T(Y)))

= T(T(u(x), T(x)), T(u(y), T(y))) , by the commutativity and associativity
of the operator T

= T((u N D, N D))
Therefore, (1N DX +y) = T((N D), 1N DG))

Similarly, (u N 7)(px) = T(u(px), T(px))
>1(1(2)Lew), T (@) )

=T (T( A, M), T(u(x), t(x) )) , by the commutativity and associativity

of the operator T, which simplifies to
=T (@), N D)
While (1 N 7)(04) = T(1(04),7(04)) =T(1,,1.)=1,,and
(uND)(xy) = T(ulxy), 1(xy))
> T(T(u(), k3)), T( (), (7))

= T(T(u(x), ‘L'(X)), T(,u(y), T(y))) by the commutativity and associativity
of the operator T
Hence, u N T eMFA®™ (A, (A, h € LM),T)

Theorem 4.4.Let A be an algebra over the field F, and let {y €M FA®™ (A (A, h € IM),T):j €] } be
an indexed family ,where T is the minimum operator T-norm on L. Then their intersection:

u=Njesuj eMFA®™ (A, (4, h € M), T)

Proof: Let A be an algebra over the field F and let x, y € A and peF .Let A j¢; denotes the infimum
taken over all j € J

(Njeyu) e + )= Njeg{ j(x + y):j €}
> N T{1;(0), ()}

= T{/\je] uj(x), /\je]llj(J’)}
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= T{(Njesu;) @), (Njey ;) N},
and similarly
(Njes 1) Px)= Ajes{ ()}
> Ajey{ 1(px)}
= Njes T{A" (), 1;(x))}
=T{2"®), (Aje) 1;(0)}
=T{2"®), (Nje; ;) (0}
Finally,(Nje; 1) (3= Ajes{ 1 (x3)}
> AjeyT{ ;). ;)
= T{Ajej 1j(xX), Njesu; ()}
=T{(Njes 1)), (Njes 1) )}
Therefore, i = Nje;pt; eMFA%™ (4, (4, h € L"), T)
Theorem 4.5. Let A be an algebra iver. jtrhe ﬁe}gd F, and let B be a subset of A. Define the function
L ifx €

. =TTk . =
wA - L=l L; by p(x) {OL,ifx€ B

Let crisp function h be such that A*(p) = 1, for all p € F and let T be idempotent. Then,
ueMFA®™ (A, (A, h € LM),T) if and only if B is a sub algebra of A.

Proof : Let B be a subset of A and x,y € B, PE F, and suppose ue MFA®™ (4, (1, h € LM),T)
Then u(x) =1, u(y) =1, so:

p(x+y) 2 T(T (@), 100), 1) =T (T(A ), 1,),1,) =T(2 (), 1,) = 2'()
Thus, px +y € B if A*(p) = 1, for all p.

Also, p (xy) = T(pu(x),u(®)) = T(1,,1,)=1,

Thatis, xy € B

Hence ,B is a sub algebra of A if A*(p) = 1, forallp € F.

Conversely suppose that B is a sub algebra of A .Consider the multi-fuzzy set

_ 1L,ifx€B
“(x)_{OL,ifer B

For x,y € B and p€ F, wehavepx +y € B
Then, u(px +y) = 1, = T(15,1,) = T(T(2*®),1, ), 1,)=T (2(p), 1(x) ), 1(»))
and p(xy) =1, = T(1,,1.)=T(u(), n())

21|Page
WWwWw.ijama.in



International Journal of Advanced Multidisciplinary Application | JAMA
Volume 2 Issue 10 Oct 2025
ISSN No: 3048-9350

Thus, ueMFA%®™ (A, (A, h € IM),T)

Theorem.4.6.Let A and B be algebras over the field F, and let f: A — B be a linear transformation.
Let useMFA®™ (A, (A, h € IM),T) be a multi-fuzzy algebra of A over A.Then,
f(ua)e MEFA®™ (B, (A, h € LM),T). Assume Hf=1 L; is the value domain of multi-fuzzy algebra of

A over A, with the T-norm in Hle Ljas the infimum and the S-norm as the supremum. Assume that

U4 has the supremum property and h is monotonically increasing.
Proof: Forw,;,w, € Bandp € F:
Let f(ua)wi)= sup {ua(w):u € f~1(wy)}= py (v,),for some v; € A
f(ra)(wy) = sup {pus(W):u € f 71 (W2)}= pa(v2), for some v, € A
Then,
fua)wy +wy) = sup {u,(u):u € £~ (wy +wy)}
> sup {ua(W:u € fH(wy) + fH (W)}

> ps(vy +vy), since vy + v, € fH(wy) + fH(wy)

v

inf {uy(v1), ua(v2)}
inf {(f (a) 1), f () (W2))}

Similarly,
f () (pwy) = sup {ua(w):u € f 1 (pwy)
> pa(pvy), since pvy € £ (pwy)

> inf ( lh(P),ﬂA(vl))
= inf (2"(@). f () (W),

For multiplication:
f(ua)wiwy) = sup {ua(w):u € f~H(wywy)}
> sup {ua(W:u € £ (wy). fH(w2)}

14 (v1v2), since v1v, € fH(wy). f 71 (wy)

v

v

inf {uy(v1), ua(v2)}
inf{(f(#A)(W1)»f(HA)(W2))}

Thus,
f(ua)e MEA®™ (B, (A, h € M), T)

Theorem 4.7. Let A and B be algebras over the field F, and let f: A — B be a linear
transformation.Suppose puze MFA®™ (B, (1, h € LM), T) is a multi-fuzzy algebra of B over A.Then,
f~Y(ug)e MFA®™ (A, (A, h € IM),T). Assume Hj§=1 L; is the value domain of multi-fuzzy algebra

of A over A, with the T-norm in Hle L; as the infimum and the S-norm as the supremum.
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Proof : For v;,v, € Aand p € F:
fH up)(wy +v2) = up(f (v1 + v3))
= up(f(v1) + f(v2))
> T( up(f(v), s (f (v2)))
= T( f7 up) o), f 7 (us)(2) -
Similarly,
£ (up) (pv1) = up(f (pv1))
= up(pf (1))
> T("(0) ,us(f(vD))
= TA"p) , f ) @).
For multiplication:
f () (v1v2) = up(f (v1v2)
= ug(f (v1).f(v2))
> T( up(f(v), us(f (v2)))
= T( f up) o), f T (up) (v2)
Hence, f~1(ug)e € MFA®™ (4, (A, h € LM),T)

Theorem 4.8. Let A be an algebra over the field F .Let u,t e MF A®M (4 (A, h € LM),T), and
suppose T is idempotent. Then the multi-fuzzy set u X t : A X A = L defined by

(u x 1)(z4,2,) = T {u(zy),7(z,)}, forall (z,2,) € A x A, belongs to MFA®™ (A x 4, (A, h €
L), T).

Proof: Let (z1,2,), (y1,y2) EAX Aand p € F. Then:
(u % D((21,22) + 1,¥2)) = (4 x D((21 +y1,22 +¥2))
=T{u(z1 +y1),1(z2 + y2)}
= T{T{p(z1), n(r1)}, T{z(22), 7 (v2) 1}
= T{T{u(z1), 7(z2)}, T{u(y1), T(y2)}
= T{(u x D)((z1,22)), (it x (Y1, ¥2))
For scalar multiplication:
(u x D(p(z1,22)) =(u x 7)((pz1,02,))
=T {u(pz1),t(pzz)}
> T {T{" (), n(z0)}, THA" (P), 7(22)}}
= T {T" @), A" ()}, T{u(z,), 7(2)}}
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=T{A"(p), (u x 1)(z1,2)} forall peF, (z;,z,) EAX A
(u x 1)(~(21,22)) > T{A"(=1),(u x 1)(z1,25)
T{1,(u x 1)(z1,2;)

= (u X 1)(z1,2), forall (z;,2,) € AX A
(u x 1)(0,0) =T {u(0),7(0)} = TH1,,1,} =1,

(u x D)((z1,22)- 01, ¥2)) = (4 X D((21y1,2252))
=T {u(z131),7(22y2)}

= T{T{u(z1), u(r1)}, T{z(22), 7 (y2)}}

T {T{u(z1),7(22)}, T{u(r1), t(y2)}

T {(u x 1)((z1,2)), (4 x (1, 72))

Thus, for all (z4,2,), (y1,¥2) € AX Aand p € F,we have
(u X T)((ZIIZZ)-(yl'YZ)) =(u X T)((Z1}’1;Zz}’2))

=T {u(z1y1),7(22¥2)}
= T{T{u(z1), u(y)}, T{r(22), 7(v2)}}
T {T{u(z1),7(22)}, T{u(y1), t(¥2)}

= T{(u x D)((z1,22)), (i x (1, ¥2))
Hence,,u x 7 € MFA®™(A x A, (A, h € LM),T)

4. Conclusions: This paper has explored the structure and properties of multi-fuzzy algebras over multi-
fuzzy fields, extending the traditional framework of fuzzy algebra to multi-dimensional membership
functions. By introducing a bridge function h, we have provided a flexible approach to defining multi-
fuzzy algebras when the dimensions of the multi-fuzzy set on the algebra and the multi-fuzzy field
differ. The key findings include the characterization of multi-fuzzy algebras, their intersections, and
their behaviour under linear transformations. These results lay a solid foundation for further research in
multi-fuzzy linear algebra.

Future work could explore the role of different bridge functions in determining the properties of multi-
fuzzy algebras, as well as their applications in decision-making, pattern recognition, and artificial
intelligence. Additionally, the relationship between multi-fuzzy algebras and other algebraic structures
such as multi-fuzzy rings and multi-fuzzy groups could be investigated to develop a more
comprehensive theory
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